Abstract. The rainbow chain is an inhomogenous exactly solvable local spin model that, in its ground state, displays a half-chain entanglement entropy growing linearly with the system size. Although many exact results about the rainbow chain are known, the structure of the underlying quantum field theory has not yet been unraveled. Here we show that the universal scaling features of this model are captured by a massless Dirac fermion in a curved spacetime with constant negative curvature R = −h 2 (h is the amplitude of the inhomogeneity). This identification allows us to use recently developed techniques to study inhomogeneous conformal systems and to analytically characterise the entanglement entropies of more general bipartitions. These results are carefully tested against exact numerical calculations. Finally, we study the entanglement entropies of the rainbow chain in thermal states, and find that there is a nontrivial interplay between the rainbow effective temperature T R and the physical temperature T .
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Introduction
In recent years there has been an intense activity to study extended quantum systems from the perspective of entanglement [1, 2, 3, 4] . This concept is certainly not new but it is moving to central stage in several areas of physics such as condensed matter physics, quantum optics, quantum field theory and quantum gravity. Furthermore the entanglement entropies recently became accessible to cold atomic experiments [5, 6] and there are a number of theoretical proposals to access many other universal features of entanglement [7, 8, 9, 10, 11, 12] . Consequently, it is of fundamental importance to characterise the entanglement properties of many-body systems, especially in those situations that can be realised experimentally. More and more attention has been recently drawn to inhomogeneous many-body systems in one spatial dimension for a twofold reason: on the one hand, in nature inhomogeneities are more the rule rather than the exception, on the other hand, in some of these models the entanglement properties exhibit interesting departures from the laws satisfied by uniform models. For example, spin chains with quenched disorder in the couplings are not conformal invariant but show, in average, logarithmic entanglement entropies [13, 14, 15, 16, 17, 18] , similarly to the uniform conformal case [19, 20, 21, 22] but with a different prefactor. Lattice models with couplings that increase exponentially with the position show analogies with Wilson's RG approach to the Kondo problem [23] . Hyperbolic couplings have been introduced to reduce the effect of the boundary in estimating the energy of the excited states that become weakly bounded around the centre of the system [24, 25] . Finally, and more importantly for this manuscript, spin chains with couplings that decrease exponentially moving away from the centre of the system give rise to an entanglement scaling with volume of the subsystem even in the ground state [26, 27, 28] , resulting in a very anomalous behaviour compared to uniform models.
The similarity between models with smoothly varying couplings and quantum field theories in curved space-times has been put forward in Refs. [29, 30] , with potential cold atom realisations in sight. In addition to those proposals for tabletop experiments that mimic effects from high-energy physics, there is another good reason for exploring the relevance of quantum field theory in curved space for the physics of ultracold quantum gases. Most experimental setups involve trapping potentials, often harmonic ones, that result in inhomogeneous density profiles in the models one wants to simulate; in fact, the presence of non-uniform potential wells, or background electromagnetic fields, is the rule rather than the exception. It was pointed out very recently [31] , in the study of non-interacting fermion gases in 1+1 dimensions, that the inhomogeneity generated by the trapping potential are captured by quantum field theory in curved space-time.
It is thus of great interest to find a general framework where we can study the entanglement properties of those inhomogeneous systems. The goal of this paper is to apply the techniques of Ref. [31] to the rainbow model [26, 27, 28] . In this way, we will understand its entanglement properties and its geometrical significance. The paper is organised as follows. In section 2 we review the main properties of the rainbow chain. In section 3 we carry out the continuum limit of the rainbow model in its Lagrangian formulation, studying in full details the resulting space-time geometry. In section 4 we provide the general CFT expressions of the Rényi entanglement entropies for an arbitrary block of spins, both in the case of a block starting from one end of the chain and of a block with endpoints in the bulk of the system. The corresponding analytical expressions are carefully verified numerically for several system sizes and inhomogeneity amplitudes, providing in some cases also conjectures for the leading correction to scaling. In section 5 we numerically study the entanglement entropy at non-zero temperature finding an interesting interplay with the effective rainbow temperature. Finally, in section 6 we present our conclusions and some possible prospects.
Review of the rainbow chain
To define the rainbow model, we consider a chain with 2L sites labelled by the halfodd integers, m = ± where J > 0 sets the scale of the hopping parameters, and h ≥ 0 characterises the inhomogeneity of the hopping amplitudes. After a Jordan-Wigner transformation Eq.
(1) becomes the Hamiltonian of an inhomogeneous spin-1/2 XX chain [26] . The case h = 0 corresponds to the standard uniform Hamiltonian of a spinless free fermion (tight binding model) with open boundary conditions. Its low energy properties are captured by a CFT with central charge c = 1: the massless Dirac fermion theory, or equivalently (upon bosonization) a Luttinger liquid with Luttinger parameter K = 1. The ground state of the Hamiltonian (1) has been studied in the strong and in the weak inhomogeneity limits [26, 27, 28] . In the former case, i.e. h 1, the application of the Dasgupta-Ma real space renormalisation group [33] yields a ground state formed by spin singlets between the sites k and −k, for k = Fig. 1 shows a picture of the ground state that resembles a rainbow (the colours are associated to the energies required to break the bonds, which are proportional to e −2mh , and so red shifting with |m|). In this paper we will be mainly interested in the characterisation of the block entanglement entropies in the ground state of the rainbow chain (1) . Given a block A formed by contiguous spins, the Rényi entanglement entropies are defined as
where ρ A ≡ TrĀρ is the reduced density matrix of A and n is the order of the Rényi entropy which can be an arbitrary real number. For n → 1, S n reduces to the von Neumann entropy of the subsystem, which is usually referred to as entanglement entropy, and that will be the main quantity of interest also for us. In the following we will simply refer to S 1 as S, i.e. every time that the Rényi index is missing, we implicitly assume to consider the von Neumann entropy. It is however important to characterise the Rényi entropies for general n, indeed their knowledge for arbitrary n gives access to the full spectrum of the reduced density matrix [32] . Given that the rainbow chain is a free fermionic model, one can use standard techniques [34] to evaluate the entanglement entropies for finite (but also very large) L, as already done in [26, 27, 28] . A fundamental property of the entanglement entropy is that, in the ground state of gapped models, it satisfies the so-called area law [2, 35, 36] , i.e. when increasing the subsystem size it scales like the area of A, in contrast with the volume law of standard thermodynamic entropy at finite temperature. In one spatial dimension, the area law means that the entanglement entropies saturate when increasing the block size; this was proven rigorously by Hastings [37] .
For gapless systems, there are many known fundamental examples where the area law breaks down, including logarithmic violations in conformal field theories [19, 20, 21, 22] , systems with quenched disorder [13, 14, 15, 16, 17, 18] , Fermi gases in arbitrary dimension [38, 39, 40] and many more. Conversely, an unexpected result was the one by Vitigliano et al. [26] showing that the rainbow state (i.e. the ground state of the rainbow model) breaks maximally the area law in the limit h 1. Indeed, since any singlet shared between one block and its complement contribute to the entanglement entropy as ln 2, it is clear from Fig. 1 that the half-chain entanglement entropy (i.e. between the left and right blocks) of this state is S = L ln 2, which is the highest value it can take for a subsystem containing L qubits. This valence bond state becomes the exact ground state of the Hamiltonian (1) in the limit h → ∞, but several of its properties persist for all values of h, in particular the linear dependence on L of the half-block entropy with a coefficient that depends on h and it is always smaller than ln 2.
In the weak inhomogeneity limit h 1, it has been shown that the low energy physics of (1) is described by the Hamiltonian of two chiral fermions ψ L and ψ R of the form [28] H iJa
where a is the lattice spacing and x = ma is the position. The fields ψ L,R (x) are the slow varying modes of the fermion operator c m expanded around the Fermi momenta
The continuum limit is defined by the equations a → 0, h → 0 and L → ∞, with h/a and aL kept constant. In the rest of the paper, we rename h/a → h and aL → L such that h and L acquire the dimensions of length −1 and length respectively. In Eq. (3), the fields ψ L,R are decoupled in the bulk, however they are coupled by the boundary conditions [28] 
In reference [28] it was noticed that Eq. (3) can be transformed into the Hamiltonian of a uniform model by the change of variablẽ
plays the role of an effective half-length. The fermion fields in the variablex transform asψ
that plugged into Eq. (3) gives
The change of variables (8) also changes the integration measure of the path integral, so that the transformed fermion is not living anymore in flat space-time, unlike Eq. (9) could erroneously suggest. Nevertheless, this equation was used heuristically in [28] to propose an expression for the half-chain entanglement of the rainbow chain.
The trick was to take the entanglement entropy of a homogeneous open chain in CFT
with c = 1, and replace L byL, to obtain
A comparison of this prediction with numerical data is displayed in Fig. 2 , for small values of h, and the agreement is perfect. In the limit hL 1, Eq. (11), reproduces the usual CFT behaviour (10), but for hL 1 the entropy behaves extensively
in close analogy with the thermal behaviour of the entanglement entropy of an open system in CFT [21] 
in the limit where T L 1. The comparison between Eqs. (12) and (13) suggests (in the limit hL 1) a thermal interpretation of the rainbow state with an effective temperature proportional to h
for T R L 1. Half-chain entanglement entropy for the rainbow model. The figure reports the comparison between exact numerical data (symbols) and the theoretical prediction (11) (lines) for different values of L and h. The agreement is perfect in the considered regime of small h.
The Rainbow model as a Dirac fermion in curved space-time
In this section we show that the rainbow Hamiltonian can be obtained from the action of a massless Dirac fermion in a curved space-time. We provide a derivation of this result using the covariant formalism of relativistic field theory with Minkowski signature. The Lagrangian associated to the Hamiltonian (3) is
where
where 
The covariant derivative on the two component spinor ψ is given by
ab is the Levi-Civita tensor, 01 = − 10 = 1). The Dirac Lagrangian of a massless fermion in curved space-time reads
Assuming that e a µ has only diagonal entries, and using Eqs. (17) one finds
that compared with Eq. (15) yields 
, that gives rise to the space-time metric
The non vanishing components of the Christoffel symbols and the Ricci tensor are
that yield the scalar curvature
that is constant and negative everywhere except at the origin where it is singular. The Euclidean version of the metric (23) is
that, using Eqs. (6) and (32), coincides with Eq. (31). An alternative way to write the metric is
or, in terms of the variable
that is the Poincaré metric in the upper-half plane in the variable is w = y + it. This result is in agreement with Eq. (25) for the value of the curvature. In our case, the domain where the metric is defined consists in the union of two strips along the t axis, i.e.
Entanglement entropies
The goal of this section is to show how to obtain the entanglement entropies of the rainbow chain with the methods of Ref. [31] . This will allow us to derive Eq. (11) and to generalise it to many other different bipartitions.
In the previous section we have shown that, in Lagrangian formalism (in the worldsheet (x, t) ∈ [−L, L] × R, with imaginary time t), the 2D euclidean action corresponding to the Hamiltonian (3) is
in the metric
The complex coordinate z, as well as the Weyl factor e σ follow from the previous section, or can be read off directly from Eq. (3),
The complex coordinate lives on the infinite strip, z ∈ [−L,L]+iR. This is a particular example of the general class of models considered in Ref. [31] , so one can follow the arguments used in there to calculate the entanglement entropy. We will make repeated use of the standard result that the n th Rényi entropy can be expressed in terms of correlation functions of twist operators in an n-times replicated worldsheet [21] . The twist field has the well known dimension [22] 
where in our case c = 1.
Block A at the chain edge
We first consider the case of a block A starting from the edge of the chain, i.e. we focus on the bipartition
The Rényi entropy in this situation is related to the expectation value of a single twist operator
where . strip (curved) stands for the expectation value in the CFT with the metric (31).
Since the twist field is a primary operator with scaling dimension (33) , it transforms as T n → e −σ∆n T n under the Weyl transformation of the metric e 2σ dzdz → dzdz. Thus, the expectation value of T n in curved space is related to the one in flat space through
The latter expectation value is entirely fixed by conformal invariance (the boundary condition for the fermions does not require insertions of boundary condition changing operators), and is easily calculated by conformally mapping the strip z ∈ [−L,L] + iR onto the upper half-plane H, z → e
(z+L) ∈ H. The result of this straightforward calculation is
The factor 8 appearing in this expression is due to our choice of normalisation; it agrees, in the limit h → 0, with Eq. (70) of Ref. [41] that gives the Rényi entropies of the uniform XX chain with open BC's. The term
) is the standard chord distance entering in all CFT one-point function on the infinite strip.
The half-chain entropy conjectured in Eq. (11) can be obtained from Eq. (37) setting n = 1 and x = 0.
Eq. (37) shows that, apart from the leading ln L behaviour, the Rényi entropies are just functions of x/L and z = hL. In Fig. 3 we report this universal function for the von Neumann entropy (for other Rényi only the scale changes) as function of x/L for several values of z. This figure shows the crossover from the homogeneous CFT behaviour at z = 0 to the thermal like at large z. Notice in particular that for x close to the edges, one has always a logarithmic behaviour, but the region where this applies shrinks more and more as z increases.
Numerical tests.
As we already mentioned, it is possible to use standard free fermion techniques [34] to calculate the Rényi entanglement entropy for an arbitrary block of the rainbow chain, as already done in [26, 27, 28] . For a block A starting from the boundary, some results of the numerical computation are reported for n = 1, 2, 3, 4 in Fig. 4 . We only report the results for one total length of the chain equal to 2L = 100 and for two values of the inhomogeneity h = 0.5, 0.05, but we have checked that other values of these parameters give equivalent results and the CFT predictions are nicely confirmed in their regime of applicability.
Just by looking at Fig. 4 , it is clear that the numerical results qualitatively resemble the shape of our prediction (37) plotted in Fig. 3 . However, it is also evident that on top of the smooth conformal contribution, there is an oscillating part which becomes more pronounced as the order of the Rényi entropy n increases and as h becomes smaller. Clearly, this effect is not present in the asymptotic result (37), but is a correction to scaling. These corrections to scaling are well known for homogeneous systems and have been fully characterised both for periodic [42, 43] and open systems [44, 41] . In particular in Ref. [45] it has been argued that in CFT they can be understood as arising from the insertion of relevant operators locally at the conical space-time singularity which are necessary to describe the reduced density matrix and, at half filling in a semi-infinite chain, they are of the form ∼ f n (−1)
x x −1/n . It is then natural to conjecture that, also for the rainbow chain, the leading correction to the scaling is due to this relevant operator at the conical singularity and so its analytic form is obtained by employing the same conformal mapping used for calculating the leading term. Following this logic, it is straightforward to arrive to the conjecture for entanglement entropies
where S n,CFT (x) is the leading term in (37) while the oscillating part is
The constants E n and f n are non-universal, but, because of the previous argument based on conformal mapping, they must be the same as in the homogeneous system. Thus, from the exact solution of the homogeneous system in [41] , we expect
while the constants E n are complicated integrals that we do not report here (see [41, 46] ) whose numerical values, for the Rényi orders we are interested in, are E n=1,...,4 ≈ 0.49502, 0.40405, 0.366365, 0.346061 .
In Fig. 4 we compare the prediction (39) with the numerical results for 2L = 100. The agreement between the two is excellent and this is particularly amazing since Eq. (39) does not contain any fitting parameter. However, at a very close look, it can be noticed a very small offset between data and prediction. This is a nonoscillating 1/L correction which is known in the uniform case (see Eq. (70) in Ref. [41] ), but we have been unable to conjecture a generalised form valid for all non-zero h. We repeated checks like those in Fig. 4 for several other chain length L and inhomogeneous parameter h, always finding excellent agreement.
Block A at an arbitrary position
We now consider the more difficult case of a single block of spins but in an arbitrary position in the chain, i.e. we consider the bipartition
i.e. A is an interval of length x 2 − x 1 > 0. Notice that, in the central case x 1 = −x 2 and in the limit h → ∞, this block has zero entanglement given the singlet structure in Fig. 1 . In CFT formalism, the Rényi entropy of this interval is related to the twopoint function of the twist fields T n , T n inside the strip, which can be conformally transformed to a two-point function in the upper half-plane. Generically, the calculation of two-point functions of twist fields in the upper half plane is a very challenging problem (in fact, by method of images, it can be related to a four point function in the complex plane considered e.g. in Refs. [47, 48] ). However, in the case of the massless free fermionic field-theory, this two-point function in the half plane simplifies and it becomes [49, 50, 41] 
where c n is the corresponding multiplicative constant of the one point function T n . This can be conformally mapped back to the strip (x, t) ∈ [−L,L] × R; the metric on the strip is, at this point, the euclidean metric ds 2 = dzdz. We only need the result at imaginary time t = 0, in which case the expression simplifies to
Finally, we perform the Weyl transformation dzdz → e 2σ dzdz, which gives the twopoint function we need
The n th Rényi entropy is then
with where, again,x i andL are given by Eqs. (6) and (7) respectively, and E n is given in (42) . In (45) the factor 4 and the constant E n have been fixed in order to match the exact result in the homogenous limit h → 0 obtained in [41] .
4.2.1. Numerical tests. To be as concise as possible, we only provide numerical checks of the prediction (45) in the case of a symmetric block A = [x 1 , x 2 ] = [−x, x] with x > 0. This bipartition is particularly interesting since in the limit h → ∞ the entanglement of this configuration vanishes because of the singlet structure (a result that we confirm numerically, but that we do not show). In Fig. 5 we report the numerically calculated entanglement entropies for this central configuration both for n = 1 and n = 3 and for three values of h in a regime that is intermediate between strong and week inhomogeneity, in order to have non-trivial entropy profiles. The CFT prediction (45) is reported together with the numerical data: the agreement for the average value is really impressive considering that there are no free parameters in this comparison. However, on top of the average value well described by CFT, there are strong oscillations of the form (−1)
x times some function of x. These oscillations shares many features with those found in the case of a block starting from the edge, e.g. they are more pronounced as n increases, and they decrease with system size. In order to understand them better, or at least to guess their behaviour, we have studied the difference between the numerical S n and the CFT prediction (45) . For example, in the inset of Fig. 5 , we report this difference S n (x) − S n,CFT (x) as function of the half-block size x. With system size they are compatible with a scaling L −1/n , as expected from general arguments [45] . However, this scaling is multiplied by a nontrivial function of x, that, as shown in the inset of Fig. 5 , grows quite strongly with x. Because of all these complications, we have not been able to obtain (or even guess) an analytic expression for them. Their shape resembles the result for the entanglement entropies in the same central configuration found in Ref. [51] for a Fermi gas trapped by a harmonic potential. In fact, also in that case it has not been possible to provide a result (or a conjecture) for their behaviour. We mention also that at a closer look at the data in the inset, is can be noticed that there is a small n-and h-dependent offset in the additive constant. This is expected to be a 1/L correction similar to the one observed for the interval starting from the edge. Entropy Block size Figure 6 . Von Neumann entanglement entropy of a rainbow state with 2L = 100 and h = 0.5 (such that hL = 25 1) for different physical temperatures as function of the block size n. The colours follow the increasing temperature from cold (blue) to hot (red), chosen in the following way. The lowest curve is for T = 0. As we move upwards, the n-th curve corresponds to a temperature equal to the n-th hopping starting from the left as in Eq. (47) . The dashed line on the top corresponds to the maximal possible entropy for each block Smax = n ln 2.
Rainbow state at finite temperature
A final question one naturally poses when studying the rainbow chain is what happens at finite temperature. Given that for hL 1 the effect of the inhomogeneity is the same as a large temperature, it is particularly interesting to address the combined effect of this effective temperature (14) and a real external one. Calculating the entanglement entropy at finite temperature in our problem is very difficult. Indeed, the topology that one should study is the one of an annulus with two open boundaries in the real space coordinate and periodic conditions along the imaginary time. Calculating either one-or two-point correlation function of twist fields in this geometry is an advanced problem that lies beyond the scope of this manuscript. On the other hand, the most interesting effect we are aiming to describe (i.e. the interplay between real and effective temperature) takes place in the limit hL 1 where the physics considerably simplifies and we are able to fully characterise it on the sole basis of the numerics.
In Fig. 6 we report the effect of the physical temperature on a rainbow chain with 2L = 100 sites for a high value of h = 0.5 (such that hL = 25 1). Fig. 6 shows the von Neumann entropy of blocks starting from the left boundary, as a function of the block size. The set of temperatures, nonetheless, have been chosen with care. The lowest curve corresponds to T = 0, and exhibits the usual tent shape, with a slope approximately equal to h/6 (recall Eq. (12)). Above this curve, the n-th one corresponds to a temperature equal to the n-th hopping, counting from the left end, i.e.
The dotted curve corresponds to the maximal possible entropy for each block size, that is n ln 2 (in this section we only consider the von Neumann entropy and so we denote the site with n without risking to make confusion with the Rényi index). The results in Fig. 6 show that for fixed finite temperature there are three linear behaviours (except at the turning points where some crossover takes place quite rapidly) with slopes that can be explained in the following way. Let us assume that we set the physical temperature equal to the hopping at a certain point x 0 > 0 (and its reflection, −x 0 ): T = J(x 0 ). The blocks lying on the left edge, i.e. (−L, x) with x < −x 0 , involve hopping amplitudes much lower than the temperature, that is J(x) T , and hence the entropy will be maximal and given approximately by (L − |x|) ln 2. When the right point of the block (−L, x) moves past −x 0 , now the local hopping is much larger than the temperature, J(x) T , and the behaviour of the entropy is as in the zero-temperature case. Finally, when x > x 0 , one gets J(x) T , and the entropy growth is again the maximal one. Summarising, we have
In other terms: if the right extreme of the block is in the interval [−x 0 , x 0 ], the behaviour will be similar to the zero temperature case, and if it is outside that region, it will correspond to infinite temperature. Thus, the various curves can be just characterised by the value they have at x = 0, i.e. by the half-chain entropy. According to the previous argument, we have for a rainbow system with a given h (such that hL 1) and physical temperature T , the half-chain entropy (recall
The correcteness of this prediction is checked in Fig. 7 . The range of validity of the approximation is for T within the range of values for the hopping, i.e. if it exists x 0 such that T = J(x 0 ). Notice that, for h = 0.2, this range is more reduced.
Conclusions
In this paper we applied methods of 2d quantum field theory in curved space-time to the study of the rainbow chain, which has a ground state that for hL 1 possesses a volume law, analogous to a thermal state with large temperature T R = h/(2π).
We first showed that the rainbow system is describable by a massless Dirac fermion on a Riemannian manifold with constant negative curvature everywhere except at the centre, equivalent to a Poincaré metric with a strip removed. This identification allowed us to apply the recent results of Ref. [31] to the rainbow state. In this way, we provided accurate predictions for the smooth part of the entanglement entropies of blocks of different types which perfectly describe the numerical data. We also conjectured a precise form for the oscillatory part of the entropies in the case of edge blocks.
The dynamics of the rainbow state at finite temperature is also very peculiar. For T in the range of energies spanned by the values of the hopping amplitude, we showed that the system splits into three regions: the central one behaves as if it were at T = 0, while the two extremes as if they were at T = ∞.
There are still many more results that can be derived by using the curved CFT approach and that can help understand the structure of the rainbow model. For examples, it should be easy to generalise the results presented here for the ground state to excited states, both low lying ones and those in the middle of the spectrum. For the former, one can use the universal CFT approach [52, 53] , while for the latter one can exploit the results in [54] . Another possible generalisation is to consider other entanglement measures that have a CFT representation such as bipartite fidelity [55] , entanglement negativity [56] , and relative entropies [57] .
Moving away from the rainbow, the dynamics of conformal fields on curved backgrounds provides a rich source of physical phenomena to explore, whose interest is growing due to the recent proposals of experimental realisations in, e.g., ultracold atoms on optical lattices [29, 30] . The subtle interplay between entanglement and geometry helps explain the thermal effects in quantum field theory on curved backgrounds, e.g. the Unruh effect or the local temperature effects in inhomogeneous fermionic systems [58] .
